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HUMAN-CENTRIC
APPROACH TO 

PROPOSITIONAL LOGIC
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Two contrasting approaches to 
propositional logic
• The theoretical approach where logic is developed as a 

formal axiomatic deductive system. All degrees of truth are 
anonymous real numbers.

• The human-centric approach based on observing, measuring, 
and modeling human commonsense logical reasoning in a 
specific context of decision making. All degrees of truth have 
semantic identity.

• Our goal is to show main advantages of the human-centric approach 
and the applicability of this approach in the area of professional 
decision making.
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The stakeholder/decision-maker
• Logical reasoning is a human mental activity, i.e., there is no 

logical reasoning without explicit presence of a specific human 
thinker.

• Human thinker: the stakeholder/decision-maker (SDM) can be 
an individual or an organization engaged in decision making 
(evaluation and selection of the best alternative/candidate).

• SDM exists in a specific environment, interacts with the 
environment, has goals and requirements, and uses logical 
reasoning to make decisions necessary to satisfy requirements 
and attain goals. That creates semantic identity of logic variables.

• SDM bears all consequences of accepted decisions.
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Human graded percepts and graded truth

• Human percepts are defined as quantifiable mental 
sensations/impressions of perceiving and/or reasoning.

• Each graded percept 𝑝 can vary in the range 𝑝𝑚𝑖𝑛 ≤ 𝑝 ≤ 𝑝𝑚𝑎𝑥
(regularly 𝑝𝑚𝑖𝑛 = 0).

• All graded percepts can be directly related to graded truth. If 
we define 𝑡 = (𝑝 − 𝑝𝑚𝑖𝑛)/(𝑝𝑚𝑎𝑥−𝑝𝑚𝑖𝑛), then 𝑡 ∈ [0,1], and 𝑡
denotes the degree of truth of the statement “the percept 𝒑
attained its maximum value.”

• An example of statement that has graded truth: “our car fully 
satisfies all our requirements.” (𝑡 = 0.7 : 70% of requirements)
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Examples of graded percepts (all belong to [0,1])

• Truth

• Importance

• Satisfaction

• Suitability

• Preference

• Confidence

• Trust

• Quality

• Value

• Likelihood

• Significance

• Probability

• Possibility

• Pain

• Worth

• Weight

• Aptness

• Reliability

• Round

• Heavy

• Light

• Dark

• Inexpensive

• Dense

• Attractive

• Tall

• Old
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Observable steps in human natural decision-making

• Specify goals and requirements (what are the goals we want to achieve?)

• Identify the goal attainment alternatives (one or more)

• Evaluate and compare the alternatives (each alternative has a degree of 
suitability)

• Find the most suitable alternative

(𝑆𝑢𝑖𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 ∈ 0,1 , 0 = 𝑢𝑛𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒, 1 = 𝑝𝑒𝑟𝑓𝑒𝑐𝑡)

• Is the best alternative acceptable?

(𝑆𝑢𝑖𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 ≥ 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑: 𝑦𝑒𝑠 𝑜𝑟 𝑛𝑜? )

• If it is acceptable, we decide to select and realize the selected alternative.
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Observable 
human 
commonsense
decision making
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The Logic Scoring of 
Preference (LSP) decision 
method is strictly following 
this model of commonsense 
decision making



Decision making: the case of a single candidate
• The decision making can be defined as the process of 

comparison of alternatives (or candidates) and selection (and 
possible realization) of the best alternative.

• The fundamental problem is the case of a single candidate:
• Selection of suitability attributes.

• Development of suitability attribute criteria.

• Generating the attribute suitability degrees.

• Logic aggregation of attribute suitability degrees.

• Final result of evaluation = overall suitability ∈ [0,1]

• Comparison of m candidates can (and should ☺) be reduced to 
m evaluations of a single candidate.      This school of thought eliminates the need for 

m(m-1)/2 pairwise comparisons, or outranking methods. E.g.: individual grading of m students used as the selection criterion.
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Mental logic aggregation of suitability percepts (natural 
graded propositional calculus)

Good

Excellent

Excellent

Poor

Very good

Output 
graded 
percept

Input graded 
percepts

Logic aggregation
(graded propositional calculus)



Sample 
suitability 
attribute 
tree
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Suitability 
attributes 
for a 
laptop 
computer
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Sample 
attribute  
criteria
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PROPERTIES OF A FULLY
CONTINUUM-VALUED GRADED

PROPOSITIONAL LOGIC
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Continuum-valued propositional logic
•Graded Logic is a continuum-valued propositional 

logic of human commonsense reasoning and decision 
making. 

•Graded Logic must be fully continuum-valued, i.e., 
everything is a matter of degree  (Natura non facit saltum):
• Continuum-valued logic variables  (graded truth)
• Continuum-valued simultaneity     (graded conjunction)
• Continuum-valued substitutability (graded disjunction)
• Continuum-valued importance of logic variables (death to 

commutativity ☺ !!!). 
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Ten Postulates of Graded Logic (1/2)
• The truth of statements must be continuum-valued (graded in the range [0,1]).

• The importance of statements must be continuum-valued (graded in the range 
]0,1[ ).

• The simultaneity of statements must be continuum-valued (graded 
conjunction) up to drastic conjunction, and support nondecreasing 
monotonicity in each variable.

• The substitutability of statements must be continuum-valued (graded 
disjunction) up to drastic disjunction, and support nondecreasing monotonicity 
in each variable.

• The simultaneity and substitutability must be simultaneously present, unified 
and complementary (an increase of simultaneity must cause a corresponding 
decrease of substitutability and vice versa).
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Ten Postulates of Graded Logic (2/2)

• Logic neutrality must be available as a balance of simultaneity and 
substitutability.

• The idempotency of logic aggregators must be selectable (either included or 
excluded).

• The annihilator support for idempotent simultaneity must be selectable 
(either included or excluded).

• The annihilator support for idempotent substitutability must be selectable 
(either included or excluded).

• The simultaneity and substitutability models must be dual in their whole 
range.
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Basic graded logical function (GCD) properties

• Graded Conjunction/Disjunction (GCD):
• Continuum-valued (range [0, 1]) 
• Aggregator status (nondecreasing monotonicity, GCD(0,0)=0, GCD(1,1)=1)
• Andness-directed (nonincreasing monotonicity in andness)
• Importance-weighted (noncommutativity)
• Idempotence-selectable (either idempotent or nonidempotent)
• Annihilator-selectable (annihilator 0 or 1 supported or not supported)

• The strict use of continuum-valued concepts and variables is a 
unique distinctive property introduced in Graded Logic. Based on 
that property, GL is a seamless generalization of the classical 
bivalent Boolean logic, fuzzy logic propositional calculus, and non-
classical continuum-valued logics. 
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Modeling andness and orness of the GCD aggregator

1 1... max( ,..., )n nx x x x  =

1 ...    (GCD)nx x 

1 1... min( ,..., )n nx x x x  =

A

B

C

Andness α =
𝐴

𝐶
=

𝐴

𝐴 + 𝐵
∈ [0,1]

Orness ω =
𝐵

𝐶
=

𝐵

𝐴 + 𝐵
∈ [0,1]

Andness + Orness = 1

(full OR)

(full AND)        

Andness = degree of 
similarity between 
the GCD and the full 
conjunction (AND)

Orness = degree of 
similarity between 
the GCD and the full 
disjunction (OR)



Combining simultaneity and substitutability
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Geometric interpretation of andness and orness

𝜶 =
𝐼𝑛max(𝑿)𝑑𝑥1…𝑑𝑥𝑛 − 𝐼𝑛 𝐴 𝑿 𝑾 𝑑𝑥1…𝑑𝑥𝑛

𝐼𝑛max(𝑿)𝑑𝑥1…𝑑𝑥𝑛 − 𝐼𝑛min(𝑿)𝑑𝑥1…𝑑𝑥𝑛
=

𝒏 − 𝒏 + 𝟏 𝑽

𝒏 − 𝟏

𝝎 =
𝐼𝑛 𝐴 𝑿 𝑾 𝑑𝑥1…𝑑𝑥𝑛 − 𝐼𝑛min(𝑿)𝑑𝑥1…𝑑𝑥𝑛

𝐼𝑛max(𝑿)𝑑𝑥1…𝑑𝑥𝑛 − 𝐼𝑛min(𝑿)𝑑𝑥1…𝑑𝑥𝑛
=

𝒏 + 𝟏 𝑽 − 𝟏

𝒏 − 𝟏

𝑉 = න
𝐼𝑛
𝐴 𝑿 𝑾 𝑑𝑥1…𝑑𝑥𝑛 = 𝑣𝑜𝑙𝑢𝑚𝑒 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑜𝑓

𝑎𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑜𝑟 𝐴 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 ℎ𝑦𝑝𝑒𝑟𝑐𝑢𝑏𝑒



Conjunction degree (andness, ) and
disjunction degree (orness, ω)

• GCD aggregator: 𝑦 = 𝑥1…  𝑥𝑛

• Volume: 𝑉 = 𝑛[0,1] 𝑥1…𝑥𝑛 𝑑𝑥1…d𝑥𝑛

• Andness: 𝛼 =
𝑛− 𝑛+1 𝑉

𝑛−1

• Orness: 𝜔 = 1 − 𝛼

• Conjunction: 𝑉 = 𝑛[0,1] 𝑥1 ∧ ⋯∧ 𝑥𝑛 𝑑𝑥1…d𝑥𝑛 =
1

𝑛+1
, 𝛼 = 1,  𝜔 = 0

• Disjunction : 𝑉 = 𝑛[0,1] 𝑥1 ∨ ⋯∨ 𝑥𝑛 𝑑𝑥1…d𝑥𝑛 =
𝑛

𝑛+1
, 𝛼 = 0,  𝜔 = 1
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Graded Conjunction/Disjunction
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GCD

Independently 
adjustable 
semantic 
properties (W) 
and 
formal logic 
properties (α) 



Andness and orness of drastic conjunction and 
drastic disjunction
• Drastic conjunction: for all inputs equal 1 the output value is 1. In 

all other cases the output value = 0

𝑦 = ∏𝑖=1
𝑘 𝑥𝑖 , 𝑉 = 0, 𝜶 = 𝒌/(𝒌 − 𝟏)

• Drastic disjunction: for all inputs equal 0 the output value is 0. In 
all other cases the output value = 1.

𝑦 = 1 − ∏𝑖=1
𝑘 1 − 𝑥𝑖 , 𝑉 = 1, 𝜶 = −𝟏/(𝒌 − 𝟏)

• Range of andness: −𝟏/(𝒌 − 𝟏) ≤ 𝜶 ≤ 𝒌/(𝒌 − 𝟏)
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To drastic disjunction

From drastic conjunction

With gratitude to
Maurits C. Escher



Continuous transition from drastic conjunction to drastic 
disjunction: andness/orness beyond the [0,1] range
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Drastic conjunction and drastic disjunction are limit functions of logic aggregators. They are 
logic functions but formally they do not have the status of logic aggregator.
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Continuous transition from AND to OR

 

Simultaneity 

Continuous transition from AND to OR 

AND OR 

Perfect 

balance 

Predominant 

replaceability 

Predominant 

simultaneity 

Replaceability 

Neutrality Conjunction Disjunction 

Partial disjunction (orand) Partial conjunction (andor) 

Simultaneity and substitutability are complementary

The strongest ORThe strongest AND



The graded logic conjecture: there are ten 
necessary and sufficient graded logic functions:

1. Graded hyperconjunction        (𝛼 > 1) [C/A0/NI]

2. Pure conjunction −minimum 𝛼 = 1 [C/A0/ID]

3. Hard graded conjunction (0.75 ≤ 𝛼 < 1) [C/A0/ID]

4. Soft graded conjunction            (0.5 < 𝛼 < 0.75) [C/NA/ID]

5. Logic neutrality                              (𝛼 = 0.5) [N/NA/ID]

6. Soft graded disjunction             (0.25 < 𝛼 < 0.5) [D/NA/ID]

7. Hard graded disjunction           0 < 𝛼 ≤ 0.25 [D/A1/ID]

8. Pure disjunction - maximum  (𝛼 = 0) [D/A1/ID]

9. Graded hyperdisjunction  (𝛼 < 0) [D/A1/NI]

10. Negation (which is not an aggregator) 
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Some 
functions 
have 
adjustable 
parameters, 
and some 
have fixed 
parameters.



Reasons supporting necessity

• In human-centric logic we are interested in modeling 
observable forms of natural human reasoning

• For each of 10 basic operations we have a proof of existence
in the observable reasoning practice of natural (intuitive) 
human reasoning
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Reasons supporting sufficiency

• Logic functions exist inside the unit 
hypercube.

• The set of 9 conjunctive, disjunctive, 
and neutral logic aggregators is 
sufficient to systematically cover all 
existing regions of the unit hypercube
(nothing is missing)

• The set of 10 basic functions is 
sufficient to create all observable 
compound logic functions (partial 
absorption, partial implication, partial 
abjunction, equivalence, and others)
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Segmented interpolative GCD logic aggregators

© Jozo Dujmović Graded Logic 32



The conjunctive part of andness-directed 
interpolative UGCD aggregator
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Recursive form of GCD (provides duality)

© Jozo Dujmović Graded Logic 34



Andness-directed interpolative commutative version of 
Uniform Graded Conjunction/Disjunction (UGCD) for n=2
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( )
3/(2 α) 1

Recursive notation:

,                                                           1.25 α 2,  High Hypercon.

,                                                                         

( , ;α)

xy

xy

F x y
z

− −
 

=
=

       α 1.25,   HC Product norm

4[(1.25 α) min( , ) (α 1) ],                               1 < α 1.25,  Low Hyperconj.

min( , ),                                                                      α 1,   

x y xy

x y

=

− + − 

=

(α) (α) 1/ (α)

1/

        Full conjunction

(0.5 0.5 ) ,                                           ¾ α 1,  Hard partial conj. 

(3 4α)(0.5 0.5 ) (4α 2)(0.5 0.5 ) ,    ½ < α ¾,  Soft partial conj.

0.5 0.5 ,  

r r r

R R R

x y

x y x y

x y

+  

− + + − + 

+                                                                  α ω ½,  Neutrality

1 (1 ,1 ;1 α),                                                                        1 α<0.5F x y

 
 
 
 
 

 
 




 = =

− − − − − 

0.7201R const








= − =

Uniform GCD:  range of soft conjunction = range of hard conjunction =
range of soft disjunction  = range of hard disjunction  = ¼

Threshold andness (border between the soft and hard GCD = ¾  (75%)

The simplest special case:  two variables, equal importance



Andness-directed GCD
(general formula)
Interpolative recursive 
version with adjustable 
threshold andness
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𝑟𝑤𝑝𝑚 α = Numerical approximation

𝑅 = 𝑟𝑤𝑝𝑚(αθ)



G
C
D

© Jozo Dujmović Graded Logic 37



Nonidempotent
hyperconjunction

© Jozo Dujmović Logic Aggregators 38

Ł

P C



Idempotent 
UGCD with 
medium 
granularity 
15
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Nonidempotent
hyperdisjunction



Range of andness/orness for UGCD
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( A general case of n>1 variables )

¾                                    ¼  
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Hyperconjunction

• Must have all inputs satisfied : Hard graded conjunction

• Nice to have most inputs satisfied :    Soft graded conjunction

• Nice to have inputs satisfied :  Neutrality

• Nice to have some inputs satisfied :    Soft graded disjunction

• Enough to have any input satisfied :    Hard graded disjunction

Hyperdisjunction

Verbalized interpretation of GCD aggregators



Four main types of human-centric logic 
properties supported by GCD
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Verbal 

requirements

for satisfied 

inputs

Type of

requirement

Type of

aggregator

Supported

annihilator

Type of logic

connective

Relationship of

components

“Must have all” Mandatory Hard 0 Conjunctive Simultaneity

“Nice to have 

most”
Optional Soft None Conjunctive Simultaneity 

“Nice to have 

some”
Optional Soft None Disjunctive Substitutability

“Enough to have 

any”
Sufficient Hard 1 Disjunctive Substitutability



X=GCD(MIN, MAX)
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XMIN ≤ X ≤ MAX

𝟎 ≤ X < MIN

MAX < X ≤ 𝟏

Graded Logic



GCD logic 
aggregator in the 
full range of 
andness/orness
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PROFESSIONAL 
DECISION MAKING
1. Stakeholder
2. Domain expert
3. Decision engineer
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PROFESSIONAL DECISION PROBLEM:
1 donor ,  1 liver
m >> 1  potential recipients

Who will get the liver?
Why?
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Selection of decision method  (Q & A)

Q:    Why to use the LSP method?

A1:   Comparison of m alternatives = 

m evaluations of a single alternative

A2:   Full consistency with observable

human commonsense reasoning

A3:   LSP provides explainability of Transplantation

Priority Score (TPS) and other results
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LIVER TRANSPLANTATION
PRIORITY EVALUATION

1. Stakeholder = government
(organ procurement, distribution, and allocation organization)

2. Domain expert = MD
3. Decision engineer
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The main groups of organ transplantation 
priority factors
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Liver and intestinal organ allocation organizations
used by the U.S. federal government
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LSP
attribute
tree 

MEDICAL
FACTORS
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LSP
attribute
tree 

SOCIAL AND
ETHICAL
FACTORS
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Liver TPS
attributes

MEDICAL
FACTORS
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Liver TPS
attributes

SOCIAL AND
ETHICAL
FACTORS
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Liver TPS
attribute
criteria
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Attribute
criteria
#1-2
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Attribute
criteria
#3-4
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Attribute
criteria
#5-6

© Jozo Dujmović Graded Logic 60



Attribute
criteria
#7
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Suitability

aggregation
structure



Suitability
aggregation
structure

MEDICAL
FACTORS
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Suitability
aggregation
structure

SOCIAL AND
ETHICAL
FACTORS
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Variations 
of the 
typical 
patient P1
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Graded Logic
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Resulting TPS 
values

(Transplantation 
Priority Score)
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TPS as a function of the MELD score
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TPS as a function of the organ delivery time
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TPS as a function of social and ethical priority factors
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Conclusions
•Human-centric approach yields Graded Logic as a fully 

continuum-valued propositional calculus.

•Graded Logic is a model human commonsense logical 
reasoning.

• The LSP decision method uses Graded Logic to create 
decision models consistent with human reasoning.

• LSP method is successfully used in professional 
decision models with large number of inputs in variety 
of application areas.

• LSP method can evaluate a single object/alternative.
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THANKS!
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